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ABSTRACT: We perform a detailed test of the quantum integrability of the AdSs x S°
superstring in uniform light-cone gauge in its near plane-wave limit. For this we establish
the form of the general nested light-cone Bethe equations for the quantum string from the
long range psu(2, 2|4) Bethe equations of Beisert and Staudacher. Moreover the scheme for
translating excited string states into Bethe root excitations is given. We then confront the
direct perturbative diagonalization of the light-cone string Hamiltonian in the near plane-
wave limit with the energy spectrum obtained from the general nested light-cone Bethe
equations in various higher rank sectors. The analysis is performed both analytically and
numerically up to the level of six impurity states and subsectors of maximal rank four. We
find perfect agreement in all cases lending strong support to the quantum integrability of
the AdSs x S® superstring.
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1. Introduction

Determining the spectrum of the type IIB superstring on the maximally supersymmetric
AdS;5 x S® background [fl] is of great interest, both in view of the AdS/CFT correspon-
dence [f] and as a problem in its own right within string theory. The string spectrum
should be equivalent to the spectrum of scaling dimensions of local composite operators in
the dual N' =4, U(N) super Yang-Mills theory in the 't Hooft limit.

In the last four years tremendous progress on this question has been made upon ex-
ploiting the assumed property of integrablility in the system, following the pioneering work
of Minahan and Zarembo [[J].} Here progress was largely driven by advances on the gauge
theory side, where it is possible to map the perturbative spectral problem to the diag-
onalization of a corresponding super spin chain [[j. Building upon one-loop studies [f]
this finally led to the construction of a set of nested, asymptotic all-loop Bethe equations
for the full model [[f]. Moreover the underlying symmetry of the supergroup PSU(2,2[4)
was shown to determine the S-matrix [f] of the system up to an overall phase or dressing
factor []. As argued by Janik this abelian dressing factor can be constrained by crossing-
invariance [[L0] pointing towards an underlying Hopf algebraic structure [LIf]. Recently
a proposal for the full dressing factor was made [[J] which remarkably agrees with the
findings of an independent four loop computation [[[3] in the gauge theory.

Compared to these advances our understanding of the string side of the correspon-
dence is less developed to date. The sigma-model describing the AdSs x S° string is an
integrable model [[[4] at the classical level and one certainly hopes this to remain true also
in the quantum theory. In [IJ] a solitonic solution of the classical string was identified as
the dual object to the spin chain magnon, reproducing the spin chain dispersion relation
in the strong t’Hooft coupling limit. While it is unclear at present how to attack an exact
quantization of the AdSs x S° string, the problem is feasible upon consideration of suitable
limits of the background geometry and perturbative expansions around them. The most
prominent example is the Penrose limit to a plane-wave background [[Lf], where the string
sigma model becomes a free massive theory on the worldsheet. Here the first corrections
to the plane-wave geometry can be treated perturbatively and the leading corrections to
the plane-wave spectrum was established in a series of papers [[4—[9]. Moreover Aru-
tyunov, Frolov and Staudacher [21] showed that these corrections are reproduced from a
set of quantum string Bethe equations in certain rank one subsectors, which have also been
generalized to the full model in [fJ]. A central question in the analysis of the AdSs x S°

!For reviews see [E]



superstring is that of a convenient gauge choice for the worldsheet diffeomorphisms and
kappa symmetry. Building upon previous studies in reduced subsectors [R3, BJ] it was real-
ized in [P4] that a uniform light-cone gauge employing the sum and difference of the global
time coordinate and an angle on the S° as light-cone coordinates, along with a suitable
kappa-symmetry gauge, simplifies the problem considerably. In that paper the exact light-
cone Hamiltonian of the AdSs x S° string was established and the near plane-wave limit
was performed, i.e. the limit of large light-cone momentum P, with v/A/P, held fixed.
The resulting corrections at leading order 1/P; in the light-cone energy were established
and a set of “light-cone” Bethe equations was proposed, which reproduced these energy
shifts in the rank one subsectors su(2), s[(2) and su(1|1). Curiously, the form of these
Bethe equations is simpler than the gauge theory inspired ones [RI] in that they come
with a dressing factor equal to unity. This statement is expected to hold, of course, only
modulo unexplored terms at higher order in 1/P,. The residual symmetry structure of the
light-cone gauged superstring was investigated in [RJ and in [Rf] assuming integrability a
Zamolodchikov-Fadeev algebra was introduced for the superstring.

One aim of the present paper is to clarify the connection of the light-cone Bethe equa-
tions to the “standard” gauge theory inspired Bethe equations of [P1] and its generalization
to the full higher rank system [ﬂ] including the latest dressing factor. The set of nested
light-cone Bethe equations for general excitations of the near plane-wave superstring is de-
rived and the translation scheme from string oscillator excitations to Bethe root excitations
is given. The energy shifts obtained from solving the nested light-cone Bethe equations is
confronted with the results of an explicit diagonalization of the interacting near-plane wave
Hamiltonian at leading order perturbation theory. This analysis is performed in higher rank
subsectors of su(1|2), su(1,1]2) and su(2|3) analytically for lower excitation numbers and
numerically for up to six excitations. Perfect agreement is found in all cases, thus consti-
tuting a strong check of the quantum integrability of the AdS5 x S° superstring. If true
the spectrum of the AdSs x S° superstring — at least in the long string limit P, > 1 with
all orders in a 1/Py expansion included — should be given by the solutions of the general
nested light-cone Bethe equations augmented by the conjectured dressing phase of [[2].

Our analysis is complementary to the direct computation of the worldsheet S-matrix
reported in [R7], see also [Rg]. In [R7] the emergence of the two particle S-matrix of Beisert [d]
at leading order in 1/P; was confirmed, which is known to lead to the nested asymptotic
Bethe equations of [[fl. This finding is a necessary but not sufficient condition for the
integrability of the quantum AdSs x S° superstring, which would imply factorization of
multi-particle scattering and the absence of particle production. Indeed the factorization of
three particle scattering in the bosonic sector was demonstrated in the S-matrix approach
of 7. Our paper now provides a stringent test of the factorization property in larger
sectors and at higher particle excitation numbers.

The plan of the paper is as follows. We begin by recalling the necessary facts of
the uniform light-cone gauged AdSs x S° superstring in the near plane wave limit in
section two. Section three is then devoted to the derivation of the nested light-cone Bethe
equations for the full excitation structure. Moreover we present a string oscillator /Dynkin
node excitation dictionary to translate the string into the Bethe equation language. In



section four we discuss the large P, limit of this set of nested equations and present
the emerging coupled polynomial equations for the Bethe roots which need to be solved.
Explicit solutions are carried out for a number of subsectors and impurity numbers up to
six (both with distinct and confluent mode numbers) in section five. The computations on
the string side have been relegated to the appendix.

2. The Superstring on AdS;x S°

2.1 Hamiltonian in uniform light-cone gauge

In [24] an exact gauge fixed Lagrangian of the Green-Schwarz Superstring on an AdSs x S°
background was constructed in the uniform light-cone gauge [R3, R4]. The associated light-
cone Hamiltonian is given by H = —P_ where Py := J £ E. Here J denotes the angular
momentum on S® and E the global space-time energy.

Due to its nonlinearity an exact quantization of this system is unknown, nevertheless
the Hamiltonian of [R4] allows for a perturbative quantization in the near plane wave limit,
where P, is taken to be large with A= % held fixed. Using this approach the quantized per-

turbative Hamiltonian has been computed up to next-to-leading order in a 1/P; expansion
1

H =Hz + —H4 + O(P?) (2.1)
Py

The dynamical fields are given by the transverse eight fermionic and eight bosonic fields.
We will use the following decomposition of the eight complex bosonic fields Z,, Y, and their
corresponding canonical momenta P?, Py following the conventions in [@]

Y (1) Pi(ro) = 3 e E
n
1 _ VW —
wn( In - /3570,7711) Pain = 9 “ (B;Li:n + /3570,7711)
= €Yy n(7) PY(r.o) = " Py, (r)
n n

Za,n ==
(3

1 ~ Nz _
Yayn :Z\/(U_n(a;:n - OZES*a,fn) Py = “ (O[+ + a5—a7—n) ) (22)

where the frequency w, is defined as

wn =\ 1+ An2. (2.3)

The decomposition has been chosen so that the creation and annihilation operators obey
canonical commutation relations

c:,nv al—)’:m] = 5a,b 5n,m = [B;ru ﬁ[j:m]a (24)

where a € {1,2,3,4} is the flavor index and n,m are the mode numbers which are subject

[

to the level matching condition

Ky
> m;=0, (2.5)
j=1



where K4 denotes the total number of excitations. The mode decompositions for the

fermions? are:

= Z emonn(T) 6(7—7 U) - Z emoen(T)

M =Fa—y + ignthy On =fn0=,, +ignb; (2.6)
with Me =Nasl5-a, Ny = Mo, +Ta, 0 =N, 1 l's—a 0, = M + L. (27)

Where the explicit representation of the Dirac matrices I', is given in [P4]. The functions

fm and g,, above are defined as

Jm = l(l_{_L), 9m = I{\/mem (2'8)

2 W, 1+ wn

Here k = £1 is the arbitrary relative sign between kinetic and Wess-Zumino term in the
worldsheet action. The anti-commutators between the fermionic mode operators are then

{Mans n;m} = 0a,b Onm = {Onn Ggfm} . (2.9)

Using this oscillator representation, the leading order Hamiltonian becomes

HZ - Z wn azrnaa n + ninn;n + ﬁznﬁazn + aa naa n) : (2'10)

The first order correction to this Hamiltonian is given by [24]
Hy =Hpp + Hop +Hypp(0) — Hyer(n) (2.11)

, A
with My =7 (V5 Yo Z502y — YooaYaZs o 2y + 2 (232502 = Y3 Y, Y5Ys) (212)

X
Hyy :Ztr [ (Zs—aZa — Y5*aYa)(77,T77, + H/Jre/)
7! Zy[T4, Ty (73+(7777'T — ity —P_(01¢ — 9’*9))
+ V¥ [Ca L] (=P (h = /') — Py (60" — 6'61))

T (ZuBy) ICa, T3] (P i+ ) + P (067 + 09))

A

1K
+ =R LT (-t + ) + Py (670 + 00) )
+8iZ,Y, <—P_Fan’1“b9’ + 7>+ra9'frbn’*) } (2.13)
h\
Hpp(n) =7t [Fs (77 't 4+ nty'nty’ + ooty Tyt + oo ?7) } (2.14)

2For the sake of completeness the mode decomposition of the 7-field is given in this section. It is not
to be confused with the grading 71, 12, which are used in section E to describe different choices of Dynkin
diagrams for psu(2,2/4)



This is the Hamiltonian for which we will determine the energy shifts dP_ of the free,
degenerate eigenstates |t ,) with Ha |1on) = —(P-)o|¢0,) by diagonalizing the matrix
(t0,n|Ha|t0.m). These will then be compared to the energies resulting from the proposed
light-cone Bethe equations. Due to the complexity of the Hamiltonian it is often hard
to obtain analytical results for these energy shifts in larger sectors with more than a few
number of excitations. We will then have to resort to numerical considerations.

3. The light-cone Bethe equations for general sectors

In an inspiring paper [ff] the long range gauge and string theory Bethe equations were
proposed for the full psu(2,2|4) sector. This proposal was based on a coordinate space,
nested Bethe ansatz of the smaller su(1,1|2) sector, a construction later on [f] generalized
to su(23). See [R(] for a recent study of the problem employing the algebraic Bethe ansatz.
We shall start our analysis from the full set of psu(2,2|4) Bethe equations proposed in [f]
in table 5 and adapt them to a language suitable for the light-cone gauge and large P
expansion performed in string theory [R4]. This will set the basis for the subsequent
comparison to the explicit diagonalization of the worldsheet Hamiltonian (R.11)).

The proposed set of Bethe equations for the spectral parameters x;j of Beisert and
Staudacher [ff] for the full model can be brought into the form

Ky T

4k
1=]]= (3.1)
j=1 x4,k
K> . K3t+Ky i
1— H Ug | — U2, — U1 H Uugp — Uz + 57 (3.2)
o1 U2 — Uz HAM S ugk —ug; — 3
Jj#k
Ko i +m
ug ) — u2,j + 50 Ty — T3k
=11 o ff o 53

.2 —

— N\ L-mKi—mK; Ki +mo_-moq 20,4
1= (%,k) TR (%k Ty 1—g /(%k%,ﬂs >
=\ 0

+ 72 +772 _ 42
Ly j=1 NPy T Ty 1 /(954 kL4 ])
J#k
K3+K1 pTm — x5 Ks+Kr7 T2 T
4.k J 4.k J
SO | TRy y Y (3.4)
x+171 — x+772 —
j=1 "4,k 3d j=1 "4,k 5,3
Ky 12
Husk ug,; + 27721—1554] — T5k (3.5)
- )
1 Usk — U653 — M2 2 15'34;72—55519
. Ks+K7 . i
H U,k — U6, — 112 H Ug | — Us,5 + 572 (3.6)
U6k — U6 il S gk — Usj — 302
¢

In the above the variables u; ;, are defined by ;. = ;1 + g2ﬁ and the Bethe roots z,, i,
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Figure 1: Four different choices of Dynkin diagrams of su(2,2|4) specified by the grading 7; and
72. The signs in the white nodes indicate the sign of the diagonal elements of the Cartan matrix [ﬂ]
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Moreover the spectral parameters xffk are related to the magnon momenta py via

)

Lo pe A oDk
+ _ 2
x4k—Z(cot?:|:z)<1—i— 1+7r2 sin” - ). (3.8)
and the coupling constant g? is given by

_VA_Var,

9= U 8T

(3.9)

Note that we have chosen to write down the Bethe equations in a more compact “dynami-
cally” transformed language. In order to convert (B.1)-(B.6]) to the form found in table 5 of
Beisert and Staudacher [[j] one introduces the K resp. K7 roots 1 j and 7 by splitting
off the ‘upper’ z3, and x5 j roots via

T,k = 92/1'3,K3+k k= 1, e Kl Tk = 92/1'5,K5+k k= 1, cee K7 . (310)

This coordinate renaming unfolds the equations associated to the fermionic roots (B.9)
and (B.5) into two structurally new sets of K; and K7 equations and removes the K; and
K7 dependent exponent in the central equation (B.4).

The first equation (B.1) of the form we will be using is the cyclicity constraint on the
total momentum of the spin chain. The following Ky + (K7 + K3) + K4 + (K5 + K7) + Kg
equations in (B.3)—(B.6) determine the sets of Bethe roots {xzk,x37k,xfﬁk,x57k,x6,k}. Let
us stress once more that it is only the combinations (K + K3) and (K5 + K7) which enter
in the Bethe equations. Moreover the gradings n; and 1y take the values +1 corresponding
to four different choices of Dynkin diagrams for psu(2,2/4) as discussed in [[f] see figure 1.

These four different choices of diagrams can be traced back to the derivation of the
nested Bethe ansatz in the su(1,1]2) sector in the gauge theory spin chain language. In
this sector there are four distinct excitations placed on a vacuum of Z fields. These four
excitations are the two bosonic X and DZ fields and the two fermionic ¢ and U fields.



In the nested Bethe ansatz [B{] one selects one out of these four excitations as a second
effective vacuum of a shorter spin chain, after having eliminated all the sites Z from the
original chain. Depending on this choice 7y, 12 take the values +1.

Finally, the undetermined function S7 in (B.4) is the famous scalar dressing factor
which is conjectured to take the form SZ = S2(24 1,24 ) = €?0(@40:745) B, where

0 .%'4 kax4,] Z Z crs |:QT 1'4k) QS( T ) qT(ij) QS(ka)] (311)

r=2s=r+1

with the local conserved charge densities
. r—1 r—1
+ ¢ r—1 1 1
. — _ B 3.12
(7)) =——79 [(:ﬁ) (x_> ] (3.12)

ersl9) = 9 Orins +O(1/g) ] (3.13)

In this paper, we shall only be interested in this leading order contribution, the AFS
phase [P1], where the phase factor may be summed [R9] to yield

and to leading order

Oy = (z] —a) Fzia]) + (zj —zp) Fla ;)

J
(x —x;) F(ﬂ:,;x;r) —(z; — z}) F(ﬂ:ﬁx;) , (3.14)

F(a) = (1 - %) log <1 - %) . (3.15)

The string oscillator excitations are characterized by the values of four U(1) charges
(S4,S-,J4,J-) as introduced in [P§]. They are related to the two spins {S1,S2} on
AdS5 and two angular momenta {Jp,J2} on the S5 via Sy = S1 £S5 and Jy = J; £ Jo.
The relationship between these and the excitation numbers {K;} in the Bethe equations

are3

with

1
St =m(Ks+ Kr7) — (1+n2) K¢ + 5(1 —1n2) Ku,

1
5(1 —m) Ky,

1
Jr=—m(Ks+ Kr7) — (1 —n2) Ko + 5(1 +n2) Ky,

S_=m (K1 +K3)—(1+m) Ky +

1
J_o=-—m (K1 +K3)—(1—-—m)Ky+ 5(1 + 1) Ky. (3.16)

Using these together with the (S4,S_,Jy,J_) charge values for the string oscillators of
table f] (see also [2H]) we can construct the excitation pattern for each oscillator, see table [l
For example, the excitations in the su(1,1]2) sector correspond to the following string

3To make a connection to [ﬂ]7 we have J_ = q1, J+ = ¢2,5- = s1 and S+ = s2. The two other charges,
p and r are functions of the length of the spin chain, so in the large Py limit these are infinite.



K +Ks |Ky |Ky|Kg| Ks+K; | S, |S_|J | J
of |[0+3(1—=m)| 0| 1|0 |31=m+0] 0| 0] 1|1
oy |40 +m)+1| 1 | 1|0 |31-m+0]| 0| 0] 1 ]|-1
af |[0+3(1—m)| 0| 1 | 1 |1+3@Q+m)| 0|0 |-1]1
af |3A+m)+1] 1 | 1 | 1 [1+40+m)| 0|0 |-1]-
Flo+3(t+m)| 0| 1|0 |30+m+0]| 1 [ 1 ]0]O
Sl -m)+1| 1 | 1|0 |30+m+0| 1 [-1]0]O0
Tlo0+i(1+m) | 0 | 1| 1 [1+i@-m) -1 |20 |0
Sl i@ —m)+1 ) 11| 1 [ 1+i@-m) -1 |10 |0
0f 10+3@+m) | 0| 1 |0 [dd-m)+0[ 0| 1 |1 |0
05 |31 —m)+1 | 1 | 1 | 0 [4Q=m)+0| O |-1] 1|0
0f |0+3@+m) | 0 | 1 | 1 [1+3Q+m) | 0| 1 |-1]0
07 |10 —m)+1| 1 | 1 | 1 [1+30+m)| 0 |-1[-1]0
| 0+3@—=m) ] 0 | 1| 0 |i2+m+0] 1 | 0] 0|1
ny | sA4+n)+1] 1| 1|0 |[ia+m)+0] 1 |0 |0 |-1
gy [0+4@—-m) | O | 1 | 1 |1+i@-m)|-1]0 |01
i @ +m)+1 ] 1|1 | L 14+ -mp) | 1] 0|0 -1

Table 1: The translation scheme of string oscillator excitations to the Dynkin node excitation
numbers of the Bethe equations. We have also listed the space-time U(1) charges Ji and Sy of
the string oscillators. From this table we easily see which operators represent the middle node for
the different choices of gradings. That is, (71,m1) = (+,+) : o, (=, +) : 0], (+,—) : n{” and
(=) ﬁi‘r

oscillators,
X=af, DZ=p3F, U=0f, U=n . (3.17)

These are the four fields which are picked out as a new vacuum in the smaller spin chains
by specifying the values* of the gradings 7; and 7o. The vacuum of Z fields corresponds
to the string ground state |0) with charge J.

Let us stress that in the dictionary of table [l a single string oscillator excitation
does not corresponds to a single Dynkin node excitation, but rather to a five component
excitation vector, with uniform K4 = 1 entry. This is how the naive mismatch of 16 string
oscillators versus 7 (or better 4) Dynkin node excitations is resolved: One should think of

a string oscillator as being indexed by the space-time charge vector (S4,S_, Jy,J_) or by

4The field that is picked as the second vacuum in the nested Bethe ansatz only excites the middle node of
the Dynkin diagram, so one immediately sees from the table which combinations of the gradings correspond
to which choice of vacuum.



the Dynkin vector (K7 + K3, Ko, K¢, K5+ K7). These two labelings are equivalent and the
one-to-one map between them is given in (3.1€).

There are several things we need to do in order to translate the Bethe equations (B.1)—
(B.6) into their light-cone form in order to make a direct comparison to uniform light-cone
gauged, near plane-wave string theory. First of all, since the light-cone Hamiltonian is
expanded in the large P, limit we need to express L in (B.4) in terms of the light-cone
momenta. This can be done by using the expression for the eigenvalues of the dilatation

operator and the J charge of S° [,

1 1 1
J=L+ 5771(K3 - Ky) — 1(2 +m+m2) Ky + 5772(K5 - K7), (3.18)

1 1 1
D=L+ 5771(K3 —Ki) + 1(2 —m —n2) Ky + 5772(K5 — K7) + 6D,
where the anomalous dimension 6D reads
6D = 24° Z (— - —) : (3.19)

Using (B.1§) we can write the light-cone momenta and energy as,

1

= 2L+ m (K — K1) = 5(m + n2) K4 +02(Ks — K7) +6D
 =J—-D=-K4—6D.

Hence we see that the large P limit discussed in the previous section corresponds to an
infinitely long chain with a finite number of excitations. Using this, the central K4 Bethe
equations (B4) become

Lk (3.21)

<$Ik> 3P+ <mzk> 3 (5 (m+n2) Ka—m (K14 Ks)—n2(Ks+K7)—6D)
Ly k

Ly k

Ky +m K3+Ki .—m _ Ks+K7 .—m2 _
« H (%k 334] I-g /(554 k“’”4,J)52> H Lyp —T3,5 H Lyp — 55
2 Tdk T T4k TOJ

772 2 +m1 +1n2 :
J=1 334k lI-g /(5U4k~’”4,g) Lyp —T3,5 Lyp — 55

j=1 j=1
ik

We want to compare the spectrum up to O( PQ) and to this order a nice thing happens.
As a matter of fact, one can show using only the leading AFS piece of (B.1J) that
— —15D Ky
x4k> 2 (1—9/($4k 1) oo ) <1>
— —Sy | =14+0 (3.22)
<1Zk H 1—g%/(zy, kx4j) P}
J#k
holds, once one inserts the large P, expansion of py, (to be established in (f.1]) and ({.3)) as

well as the relevant leading AFS contribution to the dressing factor Sy of (B.13). Curiously
enough, not only the 1/P, contribution, but also the 1/ P_2F term vanishes in this expansion

— the 1/ P_?; term is nonvanishing though. Therefore, to the order we are interested in,

,10,



the light-cone Bethe equations are given by the previous equations of (B.1))-(B.6]) with the
central node Ky Bethe equations (B.4) exchanged by the simpler dressing factor free form

— (3.23)

<$Ik> 3Py <$Zk> 2(5(m+n2)Ka—m (K1+K3)—na2(K5+K7))
Ly k

Ly g
Ky . +tm -m K3+Ki ,.—m CKs+Kr .—m2 .
" H Typ — Ty H Ty — T3, Ty — s, +O< 1 >
—n2 +n2 +m . H +1n2 ) P2 )0

=t Tag —Taj =1 Tak T35 21 Tak T TS Py

Tk
Putting all K; = 0, for j # 4, we indeed reproduce the results for the rank one subsectors
presented in [24]. This explains the simple form of the equations established there.

4. Large P, expansion

We will now explicitly expand the Bethe equations in the large Py limit. The mode numbers
of the string oscillators will enter in the equations as the zero mode of the magnon momenta
pr. However, depending on if we are looking at a state with confluent mode numbers or
not, the procedure is somewhat different. We will begin with the simpler case where all

mode numbers are distinct.

4.1 Non-confluent mode numbers

For distinct mode numbers one assumes an expansion of py as [R1, B4

0 1

Pr Pi
= = 4+ =L 4.1
Pk P_|_ PJQr ( )

.. . +
Determining the analogous expansion of x ik

+ 0 1,4+
x47k:P+$4,k+x47k +, (42)
where
14 wg 1 . 2p;
0 1,+ k
Ty = , oz :—(1+wk)<iz—7 , (4.3)
R T ()7 w
~ 0)2
and wp = \/1+ )\(11)6’;)2. Consistency then implies that the spectral parameters z3j and

x5, have the expansion®

0 1 0 1
xg’k:PJ,_x&k‘i‘x&k‘i‘..., .’135,]6:P+.%'57k+1'5,k+... . (44)

Taking the logarithm of (B.2J) and expanding we find that the momentum at leading order
pL in () satisfy

Py = dwmy, my € Z, (4.5)

5The expansion of x3 and x5 remains the same in the case of confluent mode numbers, while the
expansion of xf ,, differs.
,
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the integer here is what will correspond to the mode numbers of the string oscillators.
Expanding (B.23) to the next order we find that the pi should satisfy

Ky Ki+Ks3

1 2 + wi + w;j 14wy
P = 5 (m +m) Yt -m Y, T (4.6)
=1 T4k T T4y =1 Tak T T3
J2H

Ks+K7

1+ wg 1
2 Z 0 0. (5(771 +m2) Ky — i (K1 + K3) — (K5 + K7)>p2-
]:1 47k; - 57_]

We also want to expand the light-cone energy (B.20), using (B.19) and (B.§) we find

Ky
Po==) w,+0P., (4.7)
k=1
where the energy shift, P_, is given by
3 Ka 0,1
Al DLp
P =—— bk 4.8
P, 1672 ; Wk (48)

4.2 Confluent mode numbers

For the case of confluent mode numbers we run into trouble because of the zero denominator

in ({.g), which is caused by the term

4.k 4.9
[ — (19
j=1 ¥4k 4,5
J#k

of (B-23). One could try to only look at the case with the gradings chosen so that +m; =
Fn9. However, this would mean that we pick a fermionic vacuum in the nested Bethe
ansatz and since the rapidities 24 are degenerate, we end up with zero. So for the case of
confluent mode numbers we are forced to pick 71 = 7s.

The way to proceed is to assume an expansion of py as [R1],

2
Py,
-k
P+

1
Py,

0
Py
Pr = 3/2
P+

_P+_|_

_l’_

(4.10)

Where we, following [R1], denote the multiplicity of the degeneracy as v so ZkKél v, = Ky

and Zfz‘/‘l vgmy, = 0, where K is the number of distinct mode numbers. The first order
term in ([L10) is degenerate for confluent mode numbers while for the higher order terms
the degeneracy might be lifted (I € {1,2,...,vx}).

Using ({:10) the energy shift will decompose as

Ky v
SP_ =YY" 6Py, (4.11)

k=11,=1
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The contribution from mode numbers m; with v; = 1 look the same as in ({L.§) while modes
my, with v > 1 will have contribution from p} .- Using (£.10) and expanding ([.9) we find
that p} 1, satisfy a Stieltjes equation [BI] of the form [P1]]

Vi

1
Pi,lk = —2(m + n2) (P}) *wi Z o1 (4.12)
=t Prte ™ Py,
HEFlE

Note that z . Dh 1, = 0. The momenta pkl can be written as

(p,1§7lk)2 =—=2(m +n2) (pg) W, hy]C I with I =1,...,14 (4.13)

where h are the v roots of Hermite polynomials of degree v;. However, the explicit

Vislk

solutions h are not needed since when summing over k the following property applies

Vil

Vi

Vi \V — 1
Z(hl/kylk)z = % (4.14)
lp=1

The expansion for the second order contribution pz I, 0 (.I0) is considerably more com-

plicated, we therefore refer only to its general structure

Vi
Py, = D + Z SiCore, Ui) - (4.15)
o

We split pi A into a part not depending on I, which is equivalent to p,l€ given in ([£§):
pf = pi. The function fi has the property fi(ux, k) = —fix(lg, ) and thus the second

term drops out when summed over /. The final expression for the energy shift becomes then

4

By e
3 pkl +pkwkpkl
oP_ = P 167T2 S k k (4.16)
+ k 1 =1 wp
_ 1 A o[ 2Dewr — (m + n2)pd (v — 1)
- Py 322 Z”’“p’f w} '
k

4.3 Bethe equations for the smaller spin chains

To be able to solve for pi it is clear from the form of (f.6) that we need the values of
the Bethe roots z3; and w5y at leading order in P,. Note that the variables u; scale as

,13,



up = Pyul +ui + ... Expanding (B.3), (B.3), (B.9) and (B.6) yields

KQ K1+K3

1
=D ot D —— v
ud . —ul
=1 ~2,J 2,k 1 ud ( —)
;#k Jj= 2k — \T3;5 T Gar2 23
Ka
1 14w
0= +3 .
n 1 0 2 A
j=1 a:3 kT 647r 0 T U2 =1 T4y 3.k
K
e 14w
0= + = e R
2 1 0 2 a0 — 20,7
=1 284+ sir 0 0 Ugy T =1 Thd TSk
K Ks+Kr 1

(4.17)

which determine the a:%k, Cﬂg,k, ﬂ:gk and xg,k in terms of xik. Note that the two sets of the
first two and the last two equations are decoupled and identical in structure.

Let us briefly discuss how one goes about solving these equations for a given excitation
sector. First one needs to commit oneself to a specific grading by specifying the numbers
n1,2 = £1. Then one reads off the values for { K;} in table [] corresponding to the excitation
pattern in question. The four different choices of gradings can be grouped into two classes,
one with fermionic middle node, 171 = —19, and one with bosonic middle node, n; = 77 in
the associated Dynkin diagram. The difference between the two is important in the case of
confluent mode numbers. The K3 and K5 (and for 1 = —np9, also K4) are fermionic nodes
which means that the solutions for :cg’k and similarly for ﬂ:g ;. for different values of k are
not allowed to be degenerate by the Pauli principle.

Consider for example the su(1,1]|2) sector containing only nonvanishing values for
{K3, K4, K5}. Then, due to Ky = 0 = Kg, the equations ({.17) condense to two identical,
degree K4 polynomial equations for Cﬂg,k and :cg,k yielding K, solutions, including the
degenerate solution {xg R oo}. These K4 solutions are then used once on each node
Ky (K4_1)X.i.X(K4_Kj) (

K;!

K3 and K5, each generating with 7 = 3,5) number of solutions. For
a bosonic node, however, we may pick the same solution repeatedly.

Having distributed the solutions for x%k and x%k one then determines p,l€ from ([.4)
and finally solves for the energy shift using ([.§) or (1d). The obtained value is what we

then compare with a direct diagonalization of the string Hamiltonian.

5. Comparing the Bethe equations with string theory

We have calculated the energy shifts (both analytically and numerically) for a large number
of states. The numerical results will be presented in appendix [B, while here in the main
text we shall focus on the analytical results. On the string theory side one studies the
Hamiltonian in first order degenerate perturbation theory, which in practice demands the
diagonalization of the Hamiltonian in the relevant subsectors. In the near plane-wave limit,
this was first done in [[[§] using a different gauge.
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5.1 General structure of solutions

We will present analytical results for three different sectors, su(1[2), su(1,1|2) and su(2|3).
The operators in each sector are

su(12) . {af, 07}, su(1,1)2): {of 587,07, 07), su23): {af,a7,0],605}.

As we can see there is a mixing between the sectors, the su(1|2) is contained within the
larger su(2|3) sector and in su(1,1|2), but the latter is not a part of su(2|3). When cal-
culating the energy shifts, things are straightforward for the first two sectors, su(1|2) and
su(1,1]2). The excited nodes are K3, K4 and K5 and for these excitation numbers (f.17)
is significantly simplified since there are no gy roots. Each z3 ) and x5, satisfy a Ky —v
degree polynomial equation, where v is the number of confluent mode numbers, which is
the same for each value of k. However, this is not the case for the su(2|3) sector where we

have nonvanishing K5 excitations and a resulting set of coupled polynomial equations for
the o) and 23 following from ([L.17)

5.2 The su(1|2) sector

As stated, this sector is spanned by the oscillators oz;r and Hf. The contributing parts from
the string Hamiltonian are Hy, and Hpr. The explicit expression for the effective su(1/2)
Hamiltonian can be found in (A.§). Let us count the number of solutions for the grading
m = m2 = 1. Then the only excited nodes of the Dynkin diagram in this sector are Ky
and K3, so the polynomials in ([L17) give K4 — v solutions.5 Two of these solutions are
always 0 and oo while the other Ky — 2 — v are non-trivial. Before we perform the actual
computation let us count the number of solutions. Say we have a total of K3 Hf oscillators
and Ky — K3 of oscillators, then this state will yield (K4_V)X(K4_V_1I)(:!"'X(K4_V_K3+1)
number of solutions. So, for all possible combinations of a general K impurity state the

number of solutions are

Kiy (K‘g ”) = oKi—v, (5.1)

K3=0
Since the worldsheet Hamiltonian is a 2547 x 2K4=% matrix, the number of solutions
matches.
5.2.1 Two impurities

For the two impurity sector the perturbative string Hamiltonian is a 4 x 4 matrix, but we
are only interested in a 2 X 2 submatrix since the other part falls into the rank one sectors
su(2) and su(1|1). The relevant matrix elements, with mode numbers {¢, —q}, are

afqef_q\@ af_qﬁfq\m
(Olog 01 o] Her Hyy
Olag 01,  Hor Hyy

5The number of confluent mode numbers must satisty, v < K4 — K3 + 1 since we cannot have fermionic
excitations of the same flavor with confluent mode numbers.
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The energy shifts are the non-zero values in (JA.1(]). Now, the interesting question is of
course if we can reproduce this result from the Bethe equations. For the two impurity
state at67|0) it is easiest to work with the gradings” 7 = —1 and 7o = 1 where we have
K, =2 and K3 = 1. From ({.17) wee see that the only solutions for 3 are 0 and oo.
Since we have two roots, and one K3 excitation we get two solutions for pi. Solving ([£4)
gives pl,lC = ipg. Plugging these into ([.§) gives

X 2

A I A ¢
P =4+—-Y L =+42"=L =y, (5.2)
P+ jzlwqj P+ wq

which equals the non-zero values in ([A.1().

5.2.2 Three impurities, distinct mode numbers

The full perturbative string Hamiltonian is a 8 x 8 matrix but the relevant su(1|2) part
splits up into two independent submatrices coming from the Fermi-Fermi matrix elements
(0lag ay 07 (Hu+Hep)07 of a7 |0) and the Bose-Bose elements (0|ay 607 07 (Heps )07 01 a7 |0).
Schematically written we have,

af o 07710) |af0,67]0)
(0107 a7 ay | (Hup + Hip)**?| O3x3 (5.3)
O oy | Oy HE

The eigenvalues of the Bose-Bose submatrix, the bottom right, is given in (A.11]). To
reproduce these shifts from the Bethe equations we once again choose 71 = —1 and 2 =1
so K4 = 3 and K3 = 1. Solving (f.17) give, as before, x%k = {0, 00} together with a novel
third solution

(2 +wg +wg,) x9173 + (2 4wy, + wgy) x9171 + (2 + wq, +wgy) xg,Q

5.4
3+ wq, +wg, + Wy (54)

y:

The first two solutions, 0 and oo, give as before pi, = :I:pg. For generic values of Ky, and
with K3 = 1, these two solutions will always appear. Using the third solution in ([L.g)

yields
1 + Wi
1 0
Py = o5 — Dg- (5-5)
ﬁk_y

Plugging this into ([..g), together with some algebra, gives the three solutions
2 N 3
S S

j=1

which agrees with the string result obtained in (A.11).

TAll choices of gradings of course give the same result, however, the calculation will be more or less
complicated depending on the choice.
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Let us now focus on the Fermi-Fermi matrix elements, the upper left 3x 3 block of (f.d).
First, (4.17) give the same three solutions as before, namely {0, co,y} with the same y as
in (5.4). Since K3 = 2 we now, for each p}g, use two of the solutions for CCg &

1 1
=t + o) - 2k (5.7

Typ —T31 Ty — T332

The three possible distributions of the roots, {0,00},{0,y} and {y,oco}, give the three
solutions

v Ky
P = - — E =l — - + =: Q) .
5 {07 P+ 1671'2 1 WEk << 0 Pk Pk 3 (5 8)

j Lo —Y
With a little bit of work one can show that these match the eigenvalues from the string
Hamiltonian in (A.12).
5.2.3 Three impurities, confluent mode numbers

For three impurities, with mode numbers {q, ¢, —2¢}, the only state that does not fall into
the already checked rank one sectors [R4] are aj o 6;]0) and o 616 ]0). For the former,
we get from ([L6) (with grading n; =y = 1)

o 0 2wq + woq 1+ w, o 0 2wy + woq 1+ woq
Pg = —2pg+ 5 0~ 70 00 Do = —2p3; T2 0~ 0 0
Taq~ Ta2q  Faq T3 Ta29 = Taq  Fazqe 7T

The polynomials in ([.17) give two solutions {0, co} for xg .- Using these in ([.16), together
with some algebra, gives

sp 200X {?wzq + (2w + wag) (4w (1 + wg) + way)
- P+w§w2q 3 2w + g |
R — (3= sy — (1= 2, (59)
3+ 2wq + waq

It is not immediately apparent that this equals the string Hamiltonian result (A.14) but
after some work one can show that these two solutions are equal.

For the second state, aj 8] 6;7|0), we have K3 = 2 and the two roots {0, oo} for :cg’k can
only be distributed in one way. By doing analogously as above and using ([.4) in ({.1§),
we find

_ 2q25\ (wq + wagq)

oP_
Py wewyg

(5.10)

which reproduces the string Hamiltonian result of (A.13).

5.3 The su(1,1]2) sector

Now we turn to the larger su(1,1|2) sector. The procedure is the same as above but now
both sides of the Dynkin diagram gets excited and a general state has the three middle
nodes K3, K4 and K5 excited. We are allowed to pick the same solution, on the K3 and Kj
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node, but as before we must put distinct solutions on the fermionic nodes. In this sector
a new feature appears: The states afﬁf and anf are allowed to mix. Also, in the case
of confluent mode numbers, it turns out that we have to make use of different gradings on
some states to generate all the solutions from the string Hamiltonian.

Let us first investigate if the number of solutions from the string Hamiltonian and the
Bethe equations match. A general su(1,1|2) state with Ky excitations and distinct mode
numbers will yield a 2254 x 22K matrix and thus 2254 energy shifts. The total number of
solutions from the Bethe equations are just the square of (@), with v = 0, which equals

the number of eigenvalues from the perturbative string Hamiltonian (JA.15).

5.3.1 Two impurities

The Hamiltonian is a 16 x 16 matrix but it is only a 13 x 13 part which lies outside the
already calculated su(1|2) sector. There are seven different independent submatrices where
the largest is a 4 x 4 matrix and is generated by the base kets o 3;7|0) and 6{n;|0).
There are three 2 x 2 submatrices, a7, |0), 5, 67|0) and B{7;(0). And three are one
valued B, 4;10), 7 1 7|0) and 0;76,7|0), these will give the same results as presented in [24]
so these we will ignore. The only part with mixing is the subpart generated by afﬁf |0)
and 0 7;|0). To calculate the energy shifts we start by solving (f.17]) and, as before, the
two solutions are {0,00}. With 71 = —1 and 12 = 1, so K4 = 3 and K5 = K3 = 1, we have

1 1

1

pk=(1+wk)< o~ % > (5.11)
Tyk — T3k  Tagp — Tsk

Whenever we pick the same solution for xg . and xg . We get zero and since we can do this

in two ways we get two zero solutions. The other two solutions are obtained by setting

{28 5,23 1} = {0,00} and {o0,0} which gives p; = +2p. Using this in () gives

~ 2 2
2 .
5P = (0,0,i—)\ S :q—f>, (5.12)

which is in agreement with the string Hamiltonian result in (A.16).

For the three parts atn™|0), 376%|0) and BTnT|0), we see that solving for the first
state is analogous to the discussion after (5.2) but with 7 = 1 and 1, = —1. For the two
other, the procedure will again be identical if we choose the opposite gradings. That is,
for 3T07|0) we pick n; = 1 and 79 = —1, while for 371%|0) we choose 7 = —1 and 7o = 1
which give the same set of solution for all three states

2) ¢
op. =+ 1 (5.13)
P+ Wy
which is in agreement with ([A.17).

5.3.2 Three impurities, distinct mode numbers

The full perturbative string Hamiltonian will now be a 64 x 64 matrix with non trivial 3 x 3
and 9 x 9 subsectors. Since the logic of solving the Bethe equation should be clear by now,
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{m,m} | {K1+ K3, Ky, K5+ K7} | {S+,S-,J+,J_} | OP-
{—+} {2,3,0} {0,1,3,2} 11 vt | 23
{+, -} {0,3,2} {1,0,2, }a+a+n+ —Q
{-,+} {0,3,2} {2,3,1,0} 54 gror | O
{+. -} {2,3,0} {3,2,0, 1} gi grv | =3
{—+} {1,3,0} {0,2,3, 1 grgr0r | As
{—+} {0,3,1} {1,3,2,0}g1 15+ | —As
{+ -} {0,3,1} {2,0,1,3 4 0t | A3
{+ -} {1,3,0} {3,1,0,2} + 45+ | —As

Table 2: The states reproducing the 3 x 3 submatrices of the string Hamiltonian. €3 and As,
where the subscript indicate the number of solutions as given in (.§) for Q5 and (5.§) for As.

{m,m} | {Ki+ K3, K4, K5 + K7} (54,5, 4, J- } 0P
(+. 4+ {1,3,1} L L2 2} ot ot i) atopat) | D9
-} (1,3,1} {2,2,1,1} +ﬁm)<ﬁrel iy |~
{—,+} {1,3,1} {1,221} (ot gror) orotny | Do
{+,—} {1,3,1} {2,1, ’2}(a+51 (07 ny n)) A

Table 3: The states reproducing the 9 x 9 submatrices of the string Hamiltonian. Qg and Ag,
where the subscript indicate the number of solutions, is given by (p.14) and (F.15).

we only present the obtained results in tabular form. Also, to make the comparison with
the string Hamiltonian more transparent, we now also label the states by their charges
{S,S_,J,,J_}. The energy shifts for the 3 x 3 parts are given in table ] and for the
larger 9 x 9 subparts in table f. For the larger sectors we have a mixing between states of
different boson and fermion number.

The functions 29 and Ag in table f] depend on the mode numbers {q1, q2,¢3} and are

given by
0 3
qu 2+qu +wq. 1+qu 1_|_qu 0
Qg = P 1671'220(1 ( 20 _ 40 ! 0 0 0 _—0) Pa (5.14)
" ke N\ ek Tha T T Tag T3 Tag T T3
)‘ 1 pgk 1+ Wy 1+ Wy,
b =5 Tom > wo \20 07 0 0 (5.15)
+ k=1 & \T4,qk 3 4,q5 5

To obtain the nine solutions for {29 and Ag one has to insert one of the three roots {0, 0o, y}
for each 2 and z2. We have not managed to match these results with the perturbative
string Hamiltonian ([A.13) analytically, but tested the agreement extensively numerically.
The details of the numerical tests can be found in appendix B.

5.3.3 Three impurities, confluent mode numbers

We will now look at three impurities with confluent mode numbers, {q, ¢, —2¢}. With two
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{m,me} | {I0 + K3, Ky, K5 + K7} | {S4,5-,J4,J-} 553_
+.+) {1.3,0) (0.1,3. 2 oo | S22
{+,+} {0,3,1} {1,0,2, }a*a*f %
- (0.3.1) (23,1, Ohsrr | 422
{_a_} {1a3’0} {3’2’0’1}5;r:3f77f _,,Qz
{+7+} {27370} {0’2’3’ 1}9?9?0{? A
{--} {0,3,2} {1.3.2.00g g5 | —Ma
{+.+) (0.3.2) 2,013} 0 | &
{_7_} {27370} {3’170’2}”1 i By —M

Table 4: The states reproducing the 2 x 2 submatrices for con fluent mode numbers of the string
Hamiltonian. s and As, where the subscript indicate the number of solutions, is given by (@)

and ()
{n,m} | {K1 + K3, K4, K5 + K7} {5+,5-,J4,J-} oP-
{+,+} {1,3,1} {1,1,2,2} (af af B1),(af 0 nf )| Ta
(-, -} {2,3,2} {L1,2,2} oot gty atornt) iy
- {1.3,1) 225 Yot sron ooy | ~14
{+,+} {2,3,2} 22,1, Bt ot )0t 0tnp) | 11
(+,+) {2,3,1} {1,2,2,1} ot grot), 0 010 Q?
(— -} {1,3,2} {1,2,2,1} o+ gtor) 07 0 nt) _{22
(-} {2,3,1} {2,17172}( torut et | T8
T {1,3,2) 201 2 o stt otntnty | S22

Table 5: The states reproducing the larger submatrices, with confluent mode numbers, of the
string Hamiltonian. The functions T'y and T'; are given in (F.16) and Qy is given in (f.9).

distinct mode numbers we see from ([.17) that we have the two standard solutions {0, co}
for xg’ . and x% - The sectors exhibiting mixing, i.e. the states that span the 9 x 9 subparts
of the previous section, now exhibit a new feature. The gradings are no longer equivalent
and we will be forced to use both to generate all the desired solutions. The simpler states,
that do not exhibit this feature, are presented in table [] and the states where different
gradings had to be used are presented in table [l The energy shifts I'y and ['; appearing
in table [ are given by

. 220 (1 1
(1,1
P+wqw2q Wg Wwg
r 2¢°\ { < 1 N 1 ) ( 1 1 ) Bwag + (2wg + waq)(waq + we(7 + 6wy + way))
4= " 5 5 - ) )

b
Perngq Wy wg 3+ 2wy + waq

Wg Wy

Bwaq — (2wg + waq) (wq(5 + 2wq + 3waq) — wag) } (5.16)

3+ 2wy + woq
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{S4,5-,J4,J-} | State pattern Number of solutions
{2,2,2,2} OFOTnE {0, OfufOFaf0), — Fipfaiail0) |3 cneray shits
{2,2,3,3} 0F 0 ni 0 o 10), o B o o |0), T8 afaf af|0) | 100 energy shifts

Table 6: Checked 4 and 5 impurity states of su(1,1|2).

Again, for the comparison to the eigenvalues of the string Hamiltonian in this subsector
we had to resort to numerical verifications, see appendix [B for details.

5.3.4 Higher impurities

In going beyond three impurities numerical calculations on both sides, the Bethe equations
and the string Hamiltonian, have been performed for a number of four and five impurity
states. All numerical energy shifts match precisely, the tested configurations are listed in
table f.

5.4 The su(2|3) sector

Now things become more complex. The polynomials (f.17) for a general state are highly
non-linear, coupled and involve several variables. For this reason we will not be as thorough
in our testing for the higher impurity cases as in the previous sections. The oscillators in

this sector are o, ad , 0] and 65 where there is a mixing between o] a3 |0) and 6765 |0).

The string Hamiltonian is given in (A.1§).

5.4.1 Two impurities

The su(2[3) two impurity sector of the perturbative string Hamiltonian (jA.1§) will be
a 12 x 12 matrix. Let us begin with the largest subpart, the one with mixing between
o af |0) and 67605]0). The excitation numbers, with grading 11 = 12 = 1, for af a3 |0) are
K, = Ky = K3 = 1 and K4 = 2 while for 605 |0) we have Ky = 1 and K3 = K4 = 2. Here
the dynamically transformed version of the Bethe equations is advantageous, as it makes
explicit that the relevant combination K7 + K3 = 2 is the same for these two states. This
is how the Bethe equations take care of the mixing. Solving for uy in (.17), and using

o _ 0 A 1 :
Uz = T3k T Gapz 70 0 BIVES

2
1 1—i—wj
=0 5.17
+§,:m0 — .0 ; (5.17)




{m,m} | {Ki+ K3, Ko, K4} {S4,8_,Jy,J_} oP_
{+,+} {2,1,2} {0,0,2,0} (ot oty 0t 08) | X4
{—+} {1,0,2} {0,1,2,1} 44+ Ko
{—+} {1,0,2} {0,-1,2, =1} 14y Ko
{+,+} {1,1,2} {0,-1,2,1} 44+ Ko
{++} {1,1,2} {0,1,2, -1} 45+ Ko

Table 7: The two impurity states that fall into to the rank > 1 sectors for su(2|3). Here x4 is
given by () and kg is given by (@) For two of the states we have permutated the space-time
indices.

We can add these two equations above and see that four solutions are (:cg,l,a:gg) =
(0,0), (0,00), (00,0) and (00, 00). This may at first glance seem strange since the seemingly
equivalent state 9?9; |0) only has the K9 and K3 node excited, implying that we can not
pick the same solution twice for x%k since K3 is fermionic. However, the correct state to
use is the af a7|0) state. Here two different fermionic nodes K; and K3 are excited and
because of this we can use the same solutions on both nodes simultaneously.

Let us now turn to the calculation of the energy shifts for the these four states. We
use the solutions from (f.17) in ([.6) and plug this into ([£.§) which gives

A 44>
0P_=<0,0,£—— > =: 5.18
{ TPy wy } o ( )
which is in perfect agreement with (JA.19). The energy shifts for the other states follows
immediately and we present the results in table [. From this table we see that all the

energy shifts from ([A.1§), presented in (A.20) and (A.19), are reproduced.

5.4.2 Higher impurities

Due to the non linearity of the polynomials relating the Bethe roots we will only present re-
sults for excitations with K3 = K3 = 1, corresponding to states of the form o ... o 6510)
with space-time charge vector {S4,S_,J¢,J_} = {0,—1, K4, K4 — 1}. From the first line
in ({£.17) we see that

1

0 0 A1

=0,

and using this in the second line implies that the equation for CCg reduces to the familiar
form

Ky

1 .
P ) (5.19)
=1 Y45 T3

Thus, the energy shift for this state is the same as for the oz;r af9f|0> states. For
K, = 3, the energy shift is presented in (f.6). For K4 — 1 number of o excitations and
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{n,m} | {K1 + K3, Ky, K4} {S.,8 ,Ji,J} SP_
{+ +} {1,1, K4} {0,—1, Ku, Ka = T} v rgr) | Ar,

Table 8: Higher impurity states from the su(2|3) sector for states of the form o ... af 65]0). The
function Ag,, where K, indicates the number of solutions, is given in (p.20).

one 0 excitation, the energy shift, with gradings {+, +}, is given by

2+ wj + wg 14wk 0
Ak (K, - 1) ). (5.20)
* 16W22wk<; x4k—x2] xgk—mg
Jj#k

This prediction we have verified numerically for K,y < 6 with the energy shifts obtained by

diagonalization of the string Hamiltonian (jA.1§).

6. Summary

In this work we have explored the quantum integrability of the AdSs x S® superstring by
confronting the conjectured set of Bethe equations with an explicit diagonalization of the
light-cone gauged string Hamiltonian.

For this we have presented the Bethe equations for the most general excitation pattern
of the uniform light-cone gauged AdSs x S® superstring in the near plane-wave limit. More-
over, it was demonstrated how excited string states may be translated to distributions of
spectral parameters in the Bethe equations as given in table 1. Using this we have explicity
compared the predictions from the light-cone Bethe equations with direct diagonalization
of the string Hamiltonian in perturbation theory at leading order in 1/P;. For operators
from the non dynamical sectors, we have verified the spectrum for a large number of states
giving us a strong confidence in the validity of the light-cone Bethe equations for these
classes of operators. For a generic su(1,1|2) state, it is much easier to calculate the en-
ergy shifts using the Bethe equations. The characteristic polynomial from the perturbative
string Hamiltonian is of degree 2254 wheras the polynomials needed to be solved in the
Bethe equations ([.17) are of degree K, — 2. Still, one generically deals with polynomials
of a high degree, making it hard to explicitly find analytical results for states with large
total excitation number Kjy.

When it comes to the dynamical sector su(2]2), a direct comparison is much more
difficult due to the non linearity and coupled structure of the Bethe equatons in ({.17).
Here analytical results were established only for the two impurity case. Nevertheless, tests
up to impurity number six could be performed numerically.

In the light of this analysis it would be interesting to extend the perturbative study
of the string Hamiltonian to next order in 1/P;. This is a very complicated problem due
to normal ordering ambiguities. However, this problem might be tackled by making use of
the symmetry algebra as discussed in [P4] and [R§]. We hope to return to this issue in the
future.
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Sy [ s-TJr [ J- Sy [ s-[Jr [ J-
Vi, P, o e, | O O] 1] 1 Z1, P B s Bin | 1] 1| 0|0
Yo, PY, @y | O | O | 1| -1 Z3, P5, B By | 1| -1 O | O
Ya, PYyad a5, | 0| 0 | -1 | 1 Z3, P5, B Ban | -1 | 1] 0 | O
Yy, PY,af o0, | O 0 | -1 | -1 Za, P{ B B | 1| -1 ] 0 0
Sy s Tae | J- Sy [ s [ae [ J-
01,00, 07 0 | O | L | L]0 M s M s Wi | 1] O[O 1
03,00, 05,0, 65 | O | -1 | 1] 0 W 0 M s My | 1| O | 0| -1
03, 05, 05, 05, | O | 1 | 1] 0 35 1y D Mo | -1 | O [ O | 1
04,0},00,.. 00,1 0| -1]-1]0 Mas M, s M | -1 | O ] 0 | -1

Table 9: Charges of the annihilation and creation operators of the AdSs x S°
light-cone gauge.

string in uniform
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A. Overview of the string results

To confront the proposed light-cone Bethe equations with the quantum string result ex-
tensive computer algebra computations have been performed to diagonalize the world-
sheed Hamiltonian perturbatively. For every considered subsector, i.e. su(2), s[(2), su(1|1),
su(1]2), su(1,1]2) and su(2|3), we state the effective Hamiltonian and present analytic re-
sults for its eigenvalues up to three impurities, whenever available. In some cases we had to
retreat to a numerical comparison with the Bethe equations, details of these investigations
are given in section [B.

As one sees in table [ the total number of impurities (or string excitations) is given
by K4. We also allow for confluent mode numbers, where the index k = 1,.., K} counts
the excitations with distinct modes, each with a multiplicity of vy, using the notation of
section [L.2. In uniform light-cone gauge the Hamiltonian eigenvalue —P_ is then given by

K4 Ky
P,:—Zwk—F(SP,:—Zkak—{—(;P, (Al)
k=1 k=1

In order to classify the Hamiltonian eigenvalues we will make use of the U(1) charges
{S,,S_,J.,J_} introduced in [R4]. They are light-cone combinations of the two spins S;
of AdSs and two angular momenta J; on S°, viz. Sy = S; + S and Jr = J; £ Jo. The
charges of the string oscillators are spelled out in table .
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A.1 The su(2) sector

This sector consists of states, which are composed only of ozi"n creation operators. The
Hamiltonian (R.11)) simplifies dramatically to the effective form

2 oY maimy _ _
Hisu( ) — A E afm oz;r 0] O . (A.2)
,11 ;M2 ,—m3 , My
T ¢wmlwm2wm3wm4
+mg+my
This sector is of rank one and the energy shifts —dP_ for arbitrary modes my,...,mg,

can be evaluated to

v Ka K )
A (m; +my)? A m
s — L LA ke (v — 1) (A.3)
2P, 1; Wim; W P — w2,
i

By rewriting this P_ shift in terms of the global energy E and the BMN quantities J and
X = \/J? using P+ = J + E, and then subsequently solving for E one obtains the su(2)
global energy, which precisely agrees with the results in [R1] and [[[d]

4 ;) Ka m w +m w ; Ka ( ) N2 / 2
_ k k m,—i—m]) m;
E=J E I — — g —J J ® RS VAT (s — 1
+ k WEW; 4J W;Ws; * 2J 4 (D? Z( v )
= 7]_ J i,j=1 J =1 1
i#]

with @ == /1+ XNm2. (A.4)
A.2 The sl(2) sector

The s((2) states are composed of one flavor of ﬁin operators. Since the structure of the

+

Hamiltonian is identical for a7~ and ﬂf[n up to a minus sign one immediately has

1n
(G12) _ _ ¥ mamy b e o N
Hy Am; T Y Bl Bme (AD)
+m§+mi:
spLe®) — _spl) (A.6)

and the global energy shift follows immediately.

A.3 The su(1]1) sector

States of the su(1]|1) sector are formed of Hf ., creation operators. As noted in [R4] the

restriction of the O(1/Py) string Hamiltonian (R.11)) to the pure su(1|1) sector vanishes
HP = spet) —g (A.7)

A.4 The su(1]2) sector

We now turn to the first larger rank secor su(1|2) being spanned by the creation operators
Hin and afn of one flavor. The effective Hamiltonian is given by

~ X (mq1, ma, m3, my) - -
(1) _ pylou) |5 Z ; M2, M3, oF, 0 ot . (Ag)
;m171,—mo = 1,m3“*1,—my
+2§123 0 WmzWmy
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where X (m,n, k, 1) is defined as

m—n)(k—1
X(m,n,k,l) = [(mn — (%4)()> (fafm + 9ngm)
K
- 4 D+ ) i + )] (A9)
/X
where kK = £1.
A.4.1 Two impurities
For two impurity su(1|2) states carrying the modes mj; = —mgy the Hamiltonian Hy forms
a 4 x 4 matrix with eigenvalues —9P_ where
N 02
5P = { Lo AM 0} . (A.10)
P+ w1

A.4.2 Three impurities with distinct modes

Considering the three impurity case with distinct mode numbers my, mo, m3 the Hamilto-
nian is represented by an 8 x 8 matrix which decomposes into 4 non mixing submatrices,
where two fall into the rank one sectors su(2) and su(1]|1). The remaining pieces are two
3 X 3 matrices.

Since string states only mix if they carry the same charges, we can classify the sub-
matrices and their eigenvalues by the charge of the corresponding states. One finds:

{S+, S_,Jy, J,} = {Oa 2,3, 1}9f9faf|0> :

m? PO
—L 7Zm§%} (A.11)
=1

v 3
A
0P =< + —
{ P+ = wj P+W1W2W3 j

{S+, S_,Jy, J,} = {Oa 1,3, 2}9fafaf|0> :

5P7 :{0’ )\ m%wml + m%wmQ + mgme :l: Emlym27m3 } (A12)

P Winy WinoWins

With Eavbvc ::\/4((")2)(276 + ngg,c + ng27b) + (5@;[?76 - gb;a,c + gc;a’b)Q - 45@;1),656;(1,[)
Eapec = — a(bwp + cwe — awg)
Aab — (1 + wa)(1 + wp)

V(1 +we) (1 + wp)
A.4.3 Three impurities with confluent modes

Xa,b ‘= — ab

In the case of confluent modes {mi, ma,ms} = {m, m, —2m} the submatrix with charges
{0,2,3,1} collapses to a scalar whereas the submatrix of charge {0, 1, 3,2} reduces to 2 x 2
matrix with energy shifts

X 2m2/ 1 1
{S+,57,J+,J7} :{0,2,3,1}91r91ra;f|0> : (Spf — P_JFE(@_{_E) (A13)
{S+, S_, J+, J_} = {O, 113, 2}01rairair|0> : (A14)
A2
0P = 2P+Tgwgq <wq +woq = wq\/?) + 2w§q + 4wqw2q>
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A.5 The su(1,1]2) sector

States of the su(1,1|2) sector are spaned by the set {6 L 0y o B o afn} of creation oper-
ators. In this sector the effective Hamiltonian takes the form

(1,112)) _
H(su 2 >\ Z \/m( imal,f ﬁl mﬂlf )(al k;al —l+ﬂl k‘ﬁl —l)

k+1
+n+m
Jmfn — gmg
+A Z 21 m\;wwzn (07 0 1B 1y + 01—t —nBr gaty)  (A15)
k+1 -0
+n+m
X(m,n, k1) o . T
+A Z VOrw e (OO I ) (700 = BB )
k+l
+n+m

where X (m,n, k,l) is given in (A.9).

A.5.1 Two impurities

The Hamiltonian matrix decomposes into several non mixing submatrices. The su(1,1|2)
sector contains all previous discussed sectors, whose eigenvalues we do not state again. For

the two impurity case with mode numbers m; = —mso one obtains the new eigenvalues:

1,1,1,1 : spo={aarm o g A.16

{ y Ly Ly }aniﬂO), B afo) - - P_+w_17 ’ ( : )
Y 2

{1 2,1 0}9; ;r|0 ; {0 L2, 1}9+ +\0> 5P — 1o 2™ (A.17)

A.5.2 Three impurities with confluent modes

For higher impurities the situation becomes much more involved. Already the three im-
purity su(1,1|2) Hamiltonian for non-confluent modes becomes a 64 x 64 matrix with
submatrices of rank 9. We will classify the su(1,1|2) submatrices with respect to their
charges and dimension d. Because su(1,1]|2) contains previously discussed sectors, we can
deduce most of the eigenvalues by using properties of the Hamiltonian Hfu(l’llQ)). Our
findings are collected in the table [L0.

The structure of the 9 x 9 submatrices is a bit more involved. Under the oscillator
exchange 01, < Nim and oy, < B, the effective Hamiltonian Hfu(l’”z))
sign. This exchange translates a state with charge {1, 1,2,2} into one with {2,2,1,1} or a
{1,2,2,1} charged state into one with {2,1,1,2} and vice versa with mutual energy shifts

of opposite signs. See table [T for results.

changes its

A.6 The su(2|3) sector

Finally the su(2|3) sector is spanned by the operators ;" n,92 Q] n,a;n The effective
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dimension d = 1

{S4,5-,J¢,J_} | State pattern Property SP_

{0,0, 3,3} af o a7 |0) su(2) state (g)

{3,3,0,0} BB B 10) s[(2) state (A.6)
dimension d = 3

{S4,S5-,J4,J_} | State pattern | Property SP_

{0,2,3,1} 07 61 o 10) su(1]2) state sPO?% 1 see (A1)
{2,0,1, 3} ny 0y af10) property of (:A.15) implies | sP>103 = 4spl0251)
{1,3,2,0} 01+Q+ﬂ1 |0) property of (A.15) implies | sPit*20 = _spl0:231)
{3,1,0,2} niny B, |0> property of (A.15) implies | P10 = _spl0:231)

0,1,3,2 0+04 0 su(1]2) state splot32}t g0

1

{1,0,2,3} nyaf 0‘1 R0)) property of (JA.15) implies D A
{2,3,1,0} 0+6fr61 |0) property of (|A.15) implies spiz310t — _splo.1.8.2)
{3,2,0,1} B87710) property of (JA.15) implies spi2ot _  5pl0.1.3.2}

Table 10: Analytically accessible three impurity, distinct su(1,1|2) energy shifts.

dimension d = 9

{S+,5-,J4,J-} | State pattern oP_

{1,1,2,2} ,Bfafaf|0>7 OfrnfaﬂO) rank 9 matrix, numerical eigenvalues see table
{2,2,1,1 By B af |0), 1*/81 oy | opt2bY = _spltt22

{1,2,2,1} orof 771 |0> 0+ﬂ1 0‘1 710) | rank 6 matrix, numerical eigenvalues see table
{211 Or |0, niBraf|o) | oMY — —opUAAT

Table 11: Remaining three impurity, distinct su(1,1]2) shifts, which were compared numerically.

form of H4 in this closed subsector reads

Hflsu(2|3)

>

+ + -
m( 1,m 1 — + a2 ma2 n)(al kal -1 + a2,ka2,fl)
mYn

Kl _
+n+m
(m,n, k l) . o Lo L
A Z NoT OO0 05,05 n)(a] gy a5 05 )
vl o
+n+m
(A.18)
k;_ \/wk—w 050100, 101 1+ O3 3 01)
+n+m
X |:(m —n)(k =) (fagm — fagm) + %(/ﬂ + )(wi —wi)(fofm — GmIn)
_ (fmgn + fngm)(fkgl + flgk)(mn + k‘l)
+A D g+ Frgn) (fngi + figm) (nk +ml) | 05,05 07,07 .

k+l
+n4+m =0

—(fnf1 = 9n9) (fm fr + Gmgr) (nl + mk)
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su(23) sector®

{84, 5, J,J-} eigenvalues —§ P_

0,0 3,43} ~0.0106324

{0,+£2,3,+1} +0.0108634 —0.0106324

{0,+1,3,+2} —0.0214958 0.000230962 0

{0,£1,3,0} 0.0217267 3 x —0.0214958 2 x 0.000230962 3x0

{0,0,3,+1} —0.0323591 0.0110943 2 x +0.0108634 3 x —0.0106324
su(1,1]2) sector
{S+,5-,J4,J-} eigenvalues —d P_
{1,1,2,2} —0.0323591 0.0110943 2 x 4+0.0108634 2 x —0.0106324 0.0106324
{1,221}, {2,1,1,2} | £0.0217267 +0.0214958 4£0.000230962 3 x 0
{2,2,1,1} 0.0323591 —0.0110943 2 x £0.0108634 2 x 0.0106324 —0.0106324

Table 12: Numerical results for the first order correction in 1/P; of the string energy spectrum
for three impurity states with distinct mode numbers m; = 2,mo = 1, m3 = —3. The number in
front of some eigenvalues denotes their multiplicity if unequal to one.

s5u(2|3) sector

{S4,5-,J4,J-} eigenvalues —§ P_
{0,£1,3,0} 2 % —0.0454059 2 % 0.0142814
{0,0,3,+1} —0.0752496 0.044125 3 x —0.0155623
{0,42,3,£1}, {0,0,3,£3} —0.0155623
{0,£1,3,+2} —0.0454059 0.0142814
su(1,1|2) sector
{S+,5-,J¢,J-} eigenvalues —d& P_
{1,1,2,2} —0.0752496 0.044125 0.0155623 2 x —0.0155623
{1,2,2,1},{2,1,1,2} +0.0454059 +0.0142814
{2,2,1,1} 0.0752496 —0.044125 2 x 0.0155623 —0.0155623

Table 13: Numerical results for the first order correction in 1/P; of the string energy spectrum
for three impurity states with confluent mode numbers m; = ms = 3,m3 = —6. The number in
front of some eigenvalues denotes their multiplicity if unequal to one.

A.6.1 Two impurities

For two impurities with mode numbers my = —mq we find the energy shifts
5 m2
{0,0,2,0 g5 9410, afatio) : 0P = { + 4P_+w_1’ 0, 0} (A.19)
— N 2
012 g oty 1012 ~oraz) 5P — 4o 2 i (A.20)
{07_172’1}9;0‘?‘(»’ {O’_1’27_1}9;a;\0) P_|_ w1

B. Numerical results

Here we collect the numerical results, for this we dial explicit mode numbers and values
for the couping constant \’. The considered cases constitute certain three impurity exci-

8The + signs at some charges are just a shortform of writing several charge combinations all with the
same eigenvalues. They are not related to the signatures of the eigenvalues in any sense.
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tations in the su(1,1|2) subsector with distinct and confluent mode numbers, as well as all
three impurity excitations (distinct and confluent) for the su(2|3) subsector. In the tables
below we state explicit results for the values X =0.1 and P, = 100 and mode numbers
(my,ma,m3) = {(2,1,-3),(3,3,—6)}. All numerical energy shifts were matched precisely
with the result obtained from the Bethe equations.
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